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1. Introduction
Recently, Degasperis and Procesi [18] studied the family of spatially periodic third-
order dispersive partial differential equations
ut þ c0ux þ guxxx  a2utxx ¼ ðc1u2 þ c2u2x þ c3uuxxÞx; ð1:1Þ
where a; c0; c1; c2; and c3 are real constants. They found that there are only three
equations that satisfy the asymptotic integrability condition within this family: the
KdV equation, the Camassa–Holm equation and one new equation.
With a ¼ c2 ¼ c3 ¼ 0 in Eq. (1.1), we ﬁnd the well-known Korteweg-de Vries
equation which describes the unidirectional propagation of waves at the free surface
of shallow water under the inﬂuence of gravity: uðt; xÞ represents the wave height
above a ﬂat bottom, x is proportional to distance in the direction of propagation and
t is proportional to the elapsed time. The Cauchy problem of the KdV equation has
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been studied extensively (see [2,21,22]), and as soon as u0AH1ðSÞðS ¼ R=Z being the
circle of unit length), the solution of the KdV equation is global (see [22]). The KdV
equation is completely integrable (see [24]).
For c1 ¼ 32 c3=a2 and c2 ¼ c3=2; Eq. (1.1) becomes the Camassa–Holm equation,
modelling the unidirectional propagation of shallow water waves over a ﬂat bottom,
uðt; xÞ standing for the ﬂuid velocity at time tX0 in the spatial x direction and c0
being a nonnegative parameter related to the critical shallow water speed (see [3,20]).
The Camassa–Holm equation is also a re-expression of geodesic ﬂow on the
diffeomorphism group of the circle [10,25] as well as a model for the propagation of
axially symmetric waves in hyperelastic rods [15,16,28]. The Camassa–Holm
equation has a bi-Hamiltonian structure [19] and is completely integrable [11]. The
equation has global strong solutions [4,6] and also strong solutions which blow up in
ﬁnite time [6,7,9]. It has global weak solutions [8,12,27] which are unique for initial
data satisfying certain conditions [12]. The importance of the study of global weak
solutions for the Camassa–Holm equation is due to the fact that for c0 ¼ 0 the
equation admits peaked travelling waves that interact like solitons—preserving their
shapes and speeds through the nonlinear interaction, cf. [1,3]. These waveforms are
stable [13,14] and therefore represent recognizable patterns.
With c1 ¼ 2c3=a2 and c2 ¼ c3 in Eq. (1.1), by rescaling, shifting the dependent
variable and applying a Galilean boost, cf. [17], we ﬁnd the following new equation:
ut  utxx þ 4uux ¼ 3uxuxx þ uuxxx; t40; xAR;
uð0; xÞ ¼ u0ðxÞ; xAR;
uðt; x þ 1Þ ¼ uðt; xÞ; tX0; xAR;
8><
>: ð1:2Þ
which has a similar form to the Camassa–Holm shallow water wave equation. The
integrability of Eq. (1.2) is obtained in [17] by constructing a Lax pair. The bi–
Hamiltonian structure and an inﬁnite sequence of conserved quantities are also
obtained in [17]. The equation admits exact peakon solutions analogous to the
Camassa–Holm peakons (see [17]). Despite the similarities to the Camassa–Holm
equation, we would like to point that Eq. (1.2) is truly different. The reason for this is
that the isospectral problem for Eq. (1.2) is
cx  cxxx  lyc ¼ 0;
cf. [17], while the isospectral problem for the Camassa–Holm equation is
cxx ¼ 14 cþ lyc
(in both cases y ¼ u  uxx), cf. [3]. Another indication of the fact that there is no
simple transformation of Eq. (1.2) into the Camassa–Holm equation is the entirely
different form of the conservation laws for the two equations (see [3,17]). Let us also
point out that no physical derivation of Eq. (1.2) is (yet) available. We are also not
aware of a geometric interpretation of Eq. (1.2). Despite these shortcomings,
Eq. (1.2) is still very interesting as it presents a quite rich structure.
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The Cauchy problem of Eq. (1.2) has recently been studied in [29]. Eq. (1.2) has
global strong solutions [29] and also strong solutions which blow up in ﬁnite time
[29]. Note that Eq. (1.2) admits peaked solitons which are not global strong solutions
[17]. The existence of global weak solutions to (1.2) seems not yet to have been
discussed. The aim of this paper is to prove the existence of global weak solutions to
(1.2). The main impetus for our investigation is to understand and describe the
peaked solitons which are not global strong solutions of (1.2). Our methods not only
rely on the global existence of strong solutions to Eq. (1.2) and several a priori
estimates, but also on a partial integration result for Bochner spaces, approximation
procedures for the solutions, and Helly’s theorem, and are based on the approach
devised by Constantin and Molinet [12] for the Camassa–Holm equation.
Our paper is organized as follows. In Section 2, we recall a useful lemma, a partial
integration result for Bochner spaces, several a priori estimates and some results
about global strong solutions to (1.2) which will be needed in the sequel. In Section 3,
we give the suitable deﬁnition of weak solution and prove the existence of global
weak solutions to (1.2), provided the initial data satisfy certain conditions.
2. Strong solutions and several a priori estimates
In the section, we mainly recall a useful lemma from [5], a partial integration result
for Bochner spaces from [23], several a priori estimates, as well as some results on
strong solutions from [29] in order to pursue our aim.
Throughout the paper, we denote by  the convolution and let S :¼ R=Z be the
circle of unit length. Let jj  jjX denote the norm of Banach space X and let /; S
denote the H1ðSÞ; H1ðSÞ duality bracket. Let MðSÞ be the space of Radon
measures on S with bounded total variation and MþðSÞ be the subset of positive
measures. Finally, we write BVðSÞ for the space of functions with bounded
variation, Vðf Þ being the total variation of fABVðSÞ:
Note that if GðxÞ :¼ coshðx½x

1
2
Þ
2 sinhð1
2
Þ
; where ½x
 stands for the integer part and xAR;
then ð1 @2xÞ1f ¼ G  f and @2xG  f ¼ G  f  f for all fAL2ðSÞ: Using this
identity, we can rewrite Eq. (1.2) as follows:
ut þ uux þ @xG  ð32 u2Þ ¼ 0; t40; xAR;
uð0; xÞ ¼ u0ðxÞ; xAR;
uðt; x þ 1Þ ¼ uðt; xÞ; tX0; xAR:
8><
>: ð2:1Þ
Theorem 2.1. If u0AHrðSÞ; r432; is such that ðu0  u0;xxÞ is a nonnegative function in
L1ðSÞ; then Eq. (1.2) (or Eq. (2.1)) has a unique global strong solution
u ¼ uð:; u0ÞACð½0;NÞ; HrðSÞÞ-C1ð½0;NÞ; Hr1ðSÞÞ:
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Moreover, IðuÞ ¼ R
S
u dx is conservation law and if yðt; Þ :¼ uðt; Þ  uxxðt; Þ; then for
all tARþ we have
(i) yðt; ÞAL1ðSÞ and yðt; ÞX0 a.e., uðt; ÞX0; and
juxðt; Þjpuðt; Þ on S;
(ii) jjy0jjL1ðSÞ ¼ jjyðtÞjjL1ðSÞ ¼ jjuðt; ÞjjL1ðSÞ and
jjuxðt; ÞjjLNðSÞpjju0jjL1ðSÞ;
(iii) jjuðt; Þjj2H1ðSÞpjju0jj2H1ðSÞ þ tjju0jj3L1ðSÞ:
Proof. If u0AHrðSÞ r432; is such that ðu0  u0;xxÞ is a nonnegative function in L1ðSÞ;
then by Theorems 2.1 and 4.1 in [29] we have that Eq. (1.1) has a unique solution
u ¼ uð:; u0ÞACð½0;NÞ; HrðSÞÞ-C1ð½0;NÞ; Hr1ðSÞÞ:
By Lemma 4.3 in [29], we know that IðuÞ is a conservation law.
In view of Lemma 4.2 in [29], we have that yðt; ÞAL1ðSÞ and is a.e. nonnegative
for every ﬁxed tX0: Note that u ¼ G  y: Using the positivity of G; we infer that
uðt; ÞX0 for all tX0;
uðt; xÞ ¼ e
x1
2
4 sinhð12Þ
Z x
0
exy dxþ e
xþ1
2
4 sinhð12Þ
Z x
0
exy dx
þ e
xþ1
2
4 sinhð1
2
Þ
Z 1
x
exy dxþ e
x1
2
4 sinhð1
2
Þ
Z 1
x
exy dx;
and
uxðt; xÞ ¼ e
x1
2
4 sinhð1
2
Þ
Z x
0
exy dx e
xþ1
2
4 sinhð1
2
Þ
Z x
0
exy dx
þ e
xþ1
2
4 sinhð1
2
Þ
Z 1
x
exy dx e
x1
2
4 sinhð1
2
Þ
Z 1
x
exy dx:
From the above two equations, we deduce that juxðt; Þjpuðt; Þ on S for all tX0:
This proves (i).
Given tA½0; TÞ; due to the periodicity of uðt; xÞ in the x-variable, there exists
atAð0; 1Þ such that uxðt; atÞ ¼ 0 since ux is continuous. In view of yX0 , for every
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xA½at; at þ 1
 we obtain
uxðt; xÞ 
Z x
at
u dx ¼ 
Z x
at
ðu  uxxÞ dx ¼ 
Z x
at
y dxp0:
By uX0 and the above inequality, we get that
uxðt; xÞp
Z x
at
u dxp
Z atþ1
at
u dx ¼
Z 1
0
u0 dx ¼ jju0jjL1ðSÞ:
On the other hand, by the proof of Theorem 4.1 in [29], we have that uxðt; ÞX
jju0jjL1ðSÞ: This proves (ii) in view of the conservation law IðuÞ:
Multiplying Eq. (1.2) by u and integrating by parts, we get in view of the
periodicity of u and (ii)
1
2
d
dt
Z
S
ðu2 þ u2xÞ dx ¼  4
Z
S
u2ux dx þ 3
Z
S
uuxuxx dx þ
Z
S
u2uxxx dx
¼  1
2
Z
S
u3x dxp
1
2
jju0jj3L1ðSÞ:
From the above inequality, it follows that
jjuðt; Þjj2H1ðSÞpjju0jj2H1ðSÞ þ tjju0jj3L1ðSÞ:
This proves (iii) and completes the proof of Theorem 2.1. &
We now recall a useful lemma and a partial integration result for Bochner spaces.
Lemma 2.1 (Constantin [5]). There exists a constant k40 such that
max
xA½0;1

u2ðxÞpkjjujj2H1ðSÞ; uAHrðSÞ; rX2:
The best possible constant lies within the range ð1; 13
12

:
Lemma 2.2 (Malek et al. [23]). Let T40: If
f ; gAL2ðð0; TÞ; H1ðSÞÞ and df
dt
;
dg
dt
AL2ðð0; TÞ; H1ðSÞÞ;
then f ; g are a.e. equal to a function continuous from ½0; T 
 into L2ðSÞ and
/f ðtÞ; gðtÞS/f ðsÞ; gðsÞS ¼
Z t
s
df ðtÞ
dt
; gðtÞ
 
dtþ
Z t
s
dgðtÞ
dt
; f ðtÞ
 
dt
for all s; tA½0; T 
:
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3. Weak solutions
In this section, we will show that there exists a global weak solution to Eq. (2.1)
provided the initial data u0 satisfy certain sign conditions.
We ﬁrst give the deﬁnition of strong solutions.
Deﬁnition 3.1. If uACð½0; TÞ; HrðSÞÞ-C1ð½0; TÞ; Hr1ðSÞÞ with r43
2
; and satisﬁes
Eq. (2.1). Then uðt; xÞ is called a strong solution to Eq. (2.1). If u is a strong solution
on ½0; TÞ for every T40; then it is called global strong solution to Eq. (2.1)
(or Eq. (1.2)).
Note that Eq. (1.2) has the soliton interaction property of solitary waves with
corners at their peaks, discovered in [17,18]. Obviously, such solutions are not strong
solutions to Eq. (2.1). In order to provide a mathematical framework for the study of
solitons and their interaction, we shall introduce a suitable notion of weak solutions
to Eq. (2.1).
Let us return to Eq. (2.1). With FðuÞ ¼ ðu2=2þ G  ð3=2u2ÞÞ; Eq. (2.1) can be
rewritten as the conservation law
ut þ FðuÞx ¼ 0; uð0; xÞ ¼ u0; t40; xAS:
Deﬁnition 3.2. Let u0AH1ðSÞ: If u belongs to LNlocð½0; TÞ; H1ðSÞÞ; and satisﬁes the
following identity:Z T
0
Z
S
ðuct þ FðuÞcxÞ dx dt þ
Z
S
u0ðxÞcð0; xÞ dx ¼ 0
for all cACN0 ð½0; TÞ  ðSÞÞ; where cACN0 ð½0; TÞ  SÞ if it is the restriction to
½0; TÞ  S of a function with continuous derivatives of arbitrary order on R2 with
compact support contained in ðT ; TÞ  S; then u is called a weak solution to
Eq. (2.1). If u is a weak solution on ½0; TÞ for every T40; then it is called global
weak solution to Eq. (2.1) (or Eq. (1.2)).
Proposition 3.1. (i) Every strong solution is a weak solution.
(ii) If u is a weak solution and uACð½0; TÞ; HrðSÞÞ-C1ð½0; TÞ; Hr1ðSÞÞ with r43
2
;
then it is a strong solution.
Proof. (i) Let uACð½0; TÞ; HrðSÞÞ-C1ð½0; TÞ; Hr1ðSÞÞ with r43
2
be a strong
solution to Eq. (2.1). Obviously, uALNlocð½0; TÞ; H1ðSÞÞ and FðuÞAHrðSÞ; r432:
Therefore, the equation ut þ FðuÞx ¼ 0 is true in Cð½0; TÞ; Hr1ðSÞÞ with r432:
Integrating by parts in Cð½0; TÞ; L2ðSÞÞ; we obtain that u is a weak solution of
Eq. (2.1).
(ii) Let u be a weak solution and uACð½0; TÞ; HrðSÞÞ-C1ð½0; TÞ; Hr1ðSÞÞ with
r43
2
: Then u0AHrðSÞ; r432: Applying Theorem 2.1 in [29], we obtain that there
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exists a unique strong solution v with initial data u0: Due to (i), we infer that v is also
a weak solution to Eq. (2.1). Thus we obtain
Z T
0
Z
S
ðuct þ FðuÞcxÞ dx dt ¼
Z T
0
Z
S
ðvct þ FðvÞcxÞ dx dt:
Then integration by parts yields
Z T
0
Z
S
ðut þ FðuÞxÞc dx dt ¼
Z T
0
Z
S
ðvt þ FðvÞxÞc dx dt:
Because CN0 ð½0; TÞ  SÞ is dense in L2ð½0; TÞ  SÞ; we have that
ut þ FðuÞx ¼ vt þ FðvÞx in L2ð½0; TÞ  SÞ:
Due to uACð½0; TÞ; HrðSÞÞ-C1ð½0; TÞ; Hr1ðSÞÞ with r43
2
; we infer that the above
equation holds true in Cð½0; TÞ; Hr1ðSÞÞ with r432: Since v is a strong solution of
Eq. (2.1), we deduce that
ut þ FðuÞx ¼ 0 in Cð½0; TÞ; Hr1ðSÞÞ
So, u is also a strong solution to Eq. (2.1). &
Let us now present the main result of the paper.
Theorem 3.1. Given u0AH1ðSÞ; assume that
ðu0  u0;xxÞAMþðSÞ:
Then Eq. (2.1) has a solution uAH1locðRþ  SÞ-LNlocðRþ; H1ðSÞÞ with initial data
uð0Þ ¼ u0 and such that
ðuðt; Þ  uxxðt; ÞÞAMþðSÞ; a:e: tARþ;
is uniformly bounded on S: Moreover, IðuÞ is a conservation law.
Proof. Let u0AH1ðSÞ and assume that y0 :¼ u0  u0;xxAMþðSÞ: Note that u0AH1ðSÞ;
in view of Lemma 2.1. It follows that
jju0jjL1ðSÞpjju0jjLNðSÞp
ﬃﬃﬃﬃ
13
12
q
jju0jjH1ðSÞ: ð3:1Þ
Next, let frngnX1 denote the molliﬁers
rnðxÞ :¼
Z
R
rðxÞ dx
 1
nrðnxÞ; xAR; nX1;
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where rACNc ðRÞ is deﬁned by
rðxÞ :¼ e
1
x21 for jxjo1;
0 for jxjX1:
(
We ﬁrst prove that there exists a corresponding u with initial data u0; which
belongs to H1locðRþ  SÞ-LNlocðRþ; H1ðSÞÞ; satisfying Eq. (2.1) in the sense of
distributions.
Let us deﬁne un0 :¼ rn  u0AHNðSÞ for nX1: Obviously, we have
un0-u0 in H
1ðSÞ for n-N ð3:2Þ
and for all nX1;
jjun0jjH1ðSÞ ¼ jjrn  u0jjH1ðSÞpjju0jjH1ðSÞ;
jjun0jjL1ðSÞ ¼ jjrn  u0jjL1ðSÞpjju0jjL1ðSÞ; ð3:3Þ
in view of Young’s inequality. Note that for all nX1;
yn0 :¼ un0  un0;xx ¼ rn  ðy0ÞX0:
By Theorem 2.1 we obtain that there exists a global strong solution
un ¼ unð:; un0ÞACð½0;NÞ; HrðSÞÞ-C1ð½0;NÞ; Hr1ðSÞÞ; 8rX3:
and unðt; xÞ  unxxðt; xÞX0 for all ðt; xÞARþ  S:
Using Theorem 2.1(i)–(iii), Lemma 2.1 and (3.3), one can obtain that
jjunxðt; Þjj2LNðSÞp jjunðt; Þjj2LNðSÞ
p 13
12
jjunðt; Þjj2H1ðSÞ
p 13
12
jjun0jj2H1ðSÞ þ 1312 t jjun0jj3L1ðSÞ
p 13
12
jju0jj2H1ðSÞ þ 1312 t jju0jj3L1ðSÞ: ð3:4Þ
By the above inequality, we have that
jjðunðtÞÞunxðtÞjjL2ðSÞp jjunðtÞjjLNðSÞjjunxðtÞjjLNðSÞ
p jjunðtÞjj2LNðSÞp1312 jju0jj2H1ðSÞ þ 1312 t jju0jj3L1ðSÞ ð3:5Þ
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for all tX0 and nX1: By Young’s inequality and Theorem 2.1(iii), we get
jj@xG  ð32 ½unðtÞ
2ÞjjL2ðSÞ
p3
2
jjGxjjL2ðSÞjjunðtÞjj2H1ðSÞ
p3
2
jjGxjjL2ðSÞ jju0jj2H1ðSÞ þ t jju0jj3L1ðSÞ
 
ð3:6Þ
for all tX0 and nX1:
Using (3.5)–(3.6) and Eq. (2.1), we ﬁnd
d
dt
unðtÞ




L2ðSÞ
pð3
2
jjGxjjL2ðSÞ þ 1312Þðjju0jj2H1ðSÞ þ t jju0jj3L1ðSÞÞ; ð3:7Þ
for all tX0 and nX1: For ﬁxed T40; by (3.1), (3.3) and (3.7), we haveZ T
0
Z
S
ð½unðt; xÞ
2 þ ½unxðt; xÞ
2 þ ½unt ðt; xÞ
2Þ dx dtpK ; ð3:8Þ
where K is a positive constant depending only on jjGxjjL2ðSÞ; jju0jjH1ðSÞ and T : It
follows that the sequence fungnX1 is uniformly bounded in the space H1ðð0; TÞ  SÞ:
Thus we can extract a subsequence such that
unk,u weakly in H1ðð0; TÞ  SÞ for nk-N; ð3:9Þ
and
unk-u a:e: on ð0; TÞ  S for nk-N; ð3:10Þ
for some uAH1ðð0; TÞ  SÞ: By Theorem 2.1(ii)–(iii), (3.1) and (3.3), we have that for
ﬁxed tAð0; TÞ the sequence unkx ðt; ÞABVðSÞ satisﬁes
V½unkx ðt; Þ
 ¼ jjunkxxðt; ÞjjL1ðSÞpjjunkðt; ÞjjL1ðSÞ þ jjynkðt; ÞjjL1ðSÞ
p 2jjunk0 jjL1ðSÞp2jju0jjL1ðSÞp
ﬃﬃﬃﬃ
13
3
q
jju0jjH1ðSÞ:
and
jjunkx ðt; ÞjjLNðSÞpjjunk0 jjL1ðSÞp
ﬃﬃﬃﬃ
13
12
q
jju0jjH1ðSÞ:
Applying Helly’s theorem cf. [26], we obtain that there exists a subsequence, denoted
again funkx ðt; Þg; which converges at every point to some function vðt; Þ of ﬁnite
variation with
Vðvðt; ÞÞp
ﬃﬃﬃﬃ
13
3
q
jju0jjH1ðSÞ:
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Since for almost all tAð0; TÞ; unkx ðt; Þ-uxðt; Þ in D0ðSÞ in view of (3.10), it follows
that vðt; Þ ¼ uxðt; Þ for a.e. tAð0; TÞ: Therefore, we have
unkx ðt; Þ-uxðt; Þ a:e: on ð0; TÞ  S for nk-N; ð3:11Þ
and for a.e. tAð0; TÞ;
V½uxðt; Þ
 ¼ jjuxxðt; ÞjjMðSÞp
ﬃﬃﬃﬃ
13
3
q
jju0jjH1ðSÞ: ð3:12Þ
By Theorem 2.1(ii)–(iii) and (3.4), we have
jj3
2
½unðtÞ
2jjL2ðSÞp32 jjunðtÞjj2LNðSÞp138 jju0jj2H1ðSÞ þ 138 t jju0jj3L1ðSÞ:
It follows that for ﬁxed tAð0; TÞ the sequence f3
2
½unðtÞ
2gnX1 is uniformly bounded in
L2ðSÞ: Therefore, it has a subsequence f3
2
½unkðtÞ
2gnkX1 which converges weakly in
L2ðSÞ: By (3.10)–(3.11), we deduce that the weak L2ðSÞ-limit is 3
2
½uðt; Þ
2: Note that
GxAL2ðSÞ: It follows that
@xG  32 ½unkðtÞ
2
 
-@xG  32 u2
 
for nk-N: ð3:13Þ
By (3.10)–(3.11) and (3.13), we obtain that u satisﬁes Eq. (1.2) in D0ðð0; TÞ  TÞ:
Fixed T40; since unkt ðt; Þ is uniformly bounded in L2ðSÞ as tA½0; TÞ and
jjunkðt; ÞjjH1ðSÞ has an uniform bound for all tA½0; TÞ and all nX1; we have that the
family t/unkðt; ÞAH1ðSÞ is weakly equicontinuous on ½0; T 
: An application of the
Arzela–Ascoli theorem yields that funkg has a subsequence, denoted again funkg;
which converges weakly in H1ðSÞ; uniformly in tA½0; TÞ: The limit function is u: In
view of T being arbitrary, we have that u is locally and weakly continuous from
½0;NÞ into H1ðSÞ; i.e.
uACw;locðRþ; H1ðSÞÞ:
Due that for a.e tARþ; unkðt; Þ,uðt; Þ weakly in H1ðSÞ; in view of Lemma 2.1
and Theorem 2.1 (ii)–(iii), we have
jjuðt; ÞjjLNðSÞp
ﬃﬃﬃﬃ
13
12
q
jjuðt; ÞjjH1ðSÞ
p
ﬃﬃﬃﬃ
13
12
q
lim inf
nk-N
jjunkðt; ÞjjH1ðSÞp
ﬃﬃﬃﬃ
13
12
q
jju0jj2H1ðSÞ þ t jju0jj3L1ðSÞ
 1
2
:
for a.e tARþ: The above inequality implies that
uALNlocðRþ  SÞ-LNlocðRþ; H1ðSÞÞ:
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By Theorem 2.1(i)–(iii), (3.1) and (3.3), we have for tARþ;
jjunxðt; ÞjjLNðSÞpjju0jjL1ðSÞp
ﬃﬃﬃﬃ
13
12
q
jju0jjH1ðSÞ:
Combining this with (3.10), we get that uxALNðRþ  SÞ:
Next, we prove that IðuÞ is a conservation law and
ðuðt; Þ  uxxðt; ÞÞAMþðSÞ
is uniformly bounded on S:
Since u solves (2.1) in distribution sense, we have that for a.e. tARþ
rn  u þ rn  ðuuxÞ þ rn  @xG  32 u2
  ¼ 0:
Integrating the above equation with respect to x on S; we obtain
d
dt
Z
S
rn  u dx þ
Z
S
rn  ðuuxÞ dx þ
Z
S
rn  @xG  32 u2
 
dx ¼ 0:
Integration by parts yields
d
dt
Z
S
rn  u dx ¼ 0; tARþ; nX1:
Applying Lemma 2.2, we getZ
S
rn  uðt; Þ dx ¼
Z
S
rn  u0 dx:
Note that
lim
n-N
jjrn  uðt; Þ  uðt; ÞjjL1ðSÞ ¼ limn-N jjrn  u0  u0jjL1ðSÞ ¼ 0:
It follows that for a.e. tARþZ
S
uðt; Þ dx ¼ lim
n-N
Z
S
rn  uðt; Þ dx ¼ lim
n-N
Z
S
rn  u0 dx ¼
Z
S
u0 dx:
This proves that IðuðtÞÞ ¼ R
S
u dx is a conservation law.
Note that L1ðSÞCMðSÞ: By (3.12) and the conservation law IðuÞ; we get that for
all tARþ;
jjuðt; Þ  uxxðt; ÞjjMðSÞp jjuðt; ÞjjL1ðSÞ þ jjuxxðt; ÞjjMðSÞ
p jju0jjL1ðSÞ þ
ﬃﬃﬃﬃ
13
3
q
jju0jjH1ðSÞ:
The above inequality shows that for all tARþ;
ðuðt; Þ  uxxðt; ÞÞAMðSÞ
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is uniformly bounded on S: For ﬁxed T40; in view of (3.10) and (3.11), we have that
for all tA½0; TÞ
½unkðt; Þ  unkxxðt; Þ
-½uðt; Þ  uxxðt; Þ
 in D0ðSÞ for n-N:
Due that unkðt; xÞ  unkxxðt; xÞX0 for all ðt; xÞARþ  S; we obtain that for a.e. tARþ;
ðuðt; Þ  uxxðt; ÞÞAMþðSÞ: This completes the proof of Theorem 3.1. &
Example (Peaked solitons). Given the initial data u0ðxÞ ¼ coshðx½x

1
2
Þ
sinhð1
2
Þ
; an easy
computation shows that u0  u0;xxAMþðSÞ: One can also check that
uðt; xÞ ¼ coshðx  t  ½x  t
 
1
2
Þ
sinhð1
2
Þ
satisﬁes Eq. (2.1) in distribution sense. Our theorem shows that uðt; xÞ is the global
weak solution with the initial date u0ðxÞ: This is a solution in a considerably stronger
sense than the more traditionally studied weak solutions for conservation laws (such as
shock waves). This kind of weak solution is called a peaked periodic solitary wave. &
Remark. Note that the results in [12] improve considerably upon the results on
global weak solutions for the Camassa–Holm equation that are presented in [8,27].
Our theorem corresponds to the recent results for the existence of global weak
solutions of the periodic Camassa–Holm equation obtained in [12]. Since
R
S
ðu2 þ
u2xÞ dx is not a conservation law of Eq. (1.2), we cannot in general adapt the proof of
regularity and uniqueness in [12] to the case of Eq. (1.2) to obtain the better
regularity of global weak solutions to Eq. (1.2). &
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